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The characterization of quantum correlations in terms of information-theoretic resource has been
a fruitful approach to understand the power of quantum correlations as a resource. While bipartite
entanglement and Bell inequality violation in this setting have been extensively studied, relatively
little is known about their multipartite counterpart. In this paper, we apply and adapt the recently
proposed definitions of multipartite nonlocality [Phys. Rev. A 88, 014102] to the three- and
four-partite scenario to gain new insight on the resource aspect of multipartite nonlocal quantum
correlations. Specifically, we show that reproducing certain tripartite quantum correlations requires
mixtures of classical resources — be it the ability to change the groupings or the time orderings
of measurements. Thus, when seen from the perspective of biseparable one-way classical signaling
resources, certain tripartite quantum correlations do not admit a definite causal order. In the four-
partite scenario, we obtain a superset description of the set of biseparable correlations which can
be produced by allowing two groups of bipartite non-signaling resources. Quantum violation of the
resulting Bell-like inequalities are investigated. As a byproduct, we obtain some new examples of
device-independent witnesses for genuine four-partite entanglement, and also device-independent
witnesses that allows one to infer the structure of the underlying multipartite entanglement.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Quantum nonlocality, i.e., the fact that there exist
quantum correlations which are stronger than that al-
lowed by any locally-causal theory [1], is one of the
many counterintuitive features presented by quantum
theory [2]. Typically, this is demonstrated by the fact
that some quantum correlations violate Bell inequali-
ties [3], which are constraints that have to be satisfied by
all locally-causal correlations. Empirically, the existence
of non-locally-causal (hereafter abbreviated as nonlocal)
correlations have also been verified — modulo some log-
ically possible but physically implausible loophole – in a
number of experiments (see, for instance, Refs. [3–5] and
references therein).
With the advent of quantum information science, non-
local quantum correlations have been dubbed a new role
— a resource [6–8] for information and communication
tasks that are otherwise impossible in the classical world.
A prime example of this is given by the task of secret key
distribution, where nonlocal correlations have enabled
the possibility to perform analysis in a paradigm where
measurement devices need not be calibrated nor trusted
— the paradigm of device-independent quantum infor-
mation processing [9]. For instance, since entanglement
is necessary to produce nonlocal correlations [10], the
presence of bipartite or even genuine multipartite entan-
glement [11] can be certified directly from measurement
statistics through the violation of Bell inequalities [12–
14]. In fact, even entanglement quantification [15] can be
achieved in such a device-independent manner through
Bell inequality violation (see also Ref. [16]).
More concretely, nonlocal quantum correlations play a
critical role in the security analysis of quantum cryp-
tographic protocol where the devices are not trusted
(see, for instance, Refs. [17, 18] and references therein).
They have also been used in randomness expansion [19],
in lower-bounding the underlying Hilbert space dimen-
sion [15, 20, 21], in certifying that an entangling mea-
surement has been performed [21–23], in certifying the
teleportation of a qubit [24], in deducing the structure of
the underlying multipartite entanglement [15, 25], and in
self-testing of quantum devices [26].
While most of the tasks mentioned above concern a bi-
partite experimental setup, it is clear that genuine mul-
tipartite quantum nonlocality [14, 27–34] — the multi-
partite version of quantum nonlocality which relies on
genuine multipartite entanglement — must also be a re-
source in tasks where one does not want to rely on de-
tailed characterization of measurement devices, or as-
sumption on the underlying Hilbert space dimension.
Somewhat surprisingly, not much on this is known in
this regard (see Sec. VI of Ref. [3] for a recent review).
In this work, we aim to gain further insight on this topic
by focusing on the three- and four-partite scenario and
comparing the extent to which classical one-way signal-
ing resource, and post-quantum but non-signaling [7, 35]
resource can be used to reproduce quantum correlations.
The rest of this paper is organized as follows. In Sec. II,
we explain the various resources considered in this work;
these include most of those defined in Ref. [32], as well
as an alternative that we propose in this work. Then,
in Sec. III, we apply these definitions to the tripartite
scenario and show that in order to reproduce certain tri-
partite quantum correlations, it is insufficient to have
only the primitive form of these other resources, but one
must also allow the possibility of mixing some of these
resources. In Sec. IV, we report progress on the charac-
terization of biseparable correlations in the four-partite
scenario. Specifically, we obtain a complete list of Bell-
2like inequalities that can be used to detect genuine tripar-
tite (non-signaling) nonlocality in a four-partite scenario.
Finally, we conclude with a summary and some further
remarks in Sec. V.
II. PRELIMINARIES
Let us begin by providing a brief overview of the var-
ious probability distributions (correlations) needed for
subsequent discussions. For a more detailed discussion
on some of these definitions, see Refs. [32, 33]. For sim-
plicity, we focus predominantly on the tripartite scenario.
Consider a Bell-type experiment where three parties Al-
ice (A), Bob (B) and Charlie (C) are each allowed to
perform, respectively, two alternative measurements (in-
puts) labeled by x, y, z ∈ {0, 1}, and where each measure-
ment gives two possible measurement outcomes (outputs)
a, b, c ∈ {±1}.
Following standard terminology, we say that a given
tripartite conditional probability distribution ~P =
{P (abc|xyz)} is Bell-local (henceforth abbreviated local)
if it admits the decomposition [3]:
P (abc|xyz) =
∑
λ
qλPλ(a|x)Pλ(b|y)Pλ(c|z) (1)
for all x, y, z, a, b, c, where 0 ≤ qλ ≤ 1,
∑
λ qλ = 1 and
Pλ(a|x) is the conditional probability of getting outcome
a given the measurement setting x and the hidden state
λ; Pλ(b|y) and Pλ(c|z) are analogously defined. Oper-
ationally, the set of correlations satisfying Eq. (1), L3,
are those that can be produced classically using shared
randomness λ.
In contrast, the set of tripartite quantum correlations
Q3 consists of correlations of the form of:
P (abc|xyz) = tr(ρMxa ⊗Myb ⊗Mzc ), (2)
where ρ is a normalized quantum state, {Mxa ,Myb ,Mzc }
are local positive-operator-valued-measure elements de-
scribing Alice’s, Bob’s and Charlie’s measurements re-
spectively. It is well-known [2] that some quantum cor-
relations are not Bell-local (nonlocal), in the sense that
they cannot be written in the form of Eq. (1). How-
ever, as was first demonstrated by Svetlichny [27] in the
tripartite scenario, certain quantum correlations can ex-
hibit an even stronger form of nonlocality, in that they
also cannot be decomposed in the following form:
P (abc|xyz) =
∑
λ
qλPλ(ab|xy)Pλ(c|z)
+
∑
µ
qµPµ(ac|xz)Pµ(b|y)
+
∑
ν
qνPν(bc|yz)Pν(a|x),
(3)
where
∑
i∈{λ,µ,ν}
qi = 1, qi ≥ 0 for all i ∈ {λ, µ, ν} and
Pλ(ab|xy) etc. are arbitrary normalized bipartite condi-
tional probability distributions. While correlations of the
form (3) are not fully separable as in Eq. (1), they are
biseparable in the sense that they are formed by (mix-
tures of) correlations that are separable with respect to
some bipartitions (groupings) of the parties.
Hereafter, we denote the set of such biseparable cor-
relations between a group of two parties and a group of
single party by S2/1. Operationally, correlations in S2/1
can be produced in the framework of a nonlocal game [6]
by allowing shared randomness between three parties and
arbitrary classical communications within any subgroup
of two parties.1 If some tripartite correlation ~P can be
decomposed in the form of Eq. (3), we say that ~P is S2/1-
local, otherwise S2/1-nonlocal.
However, as has been pointed out in Refs. [32, 33],
in a concrete physical scenario where measurements are
performed according to some time ordering — or equiv-
alently where the inputs are given in some time-ordered
manner — the definition of biseparable correlations given
in Eq. (3) may be physically unnatural and/or give rise
to inconsistent prediction of the correlation P (abc|xyz).
As a result, two further (weaker) definitions were pro-
posed in Refs. [32, 33] to capture this stronger form of
nonlocality that quantum correlations can exhibit.
The first of these imposes, on top of Eq. (3), the re-
quirement that all the multipartite probability distribu-
tions appearing in the decomposition also satisfy the non-
signaling (NS) condition [7, 35] at the level of the hidden
state λ, i.e.,
Pλ(a|x) =
∑
b
Pλ(ab|xy) ∀ a, x, y, (4a)
Pλ(b|y) =
∑
a
Pλ(ab|xy) ∀ b, x, y, (4b)
and analogously for the other joint conditional probabil-
ities Pµ(ac|xz) and Pν(bc|yz). Adopting the terminology
from Ref. [32], we shall refer to tripartite correlations
satisfying Eq. (3) and all these NS conditions [7, 35] as
NS2/1-local, otherwiseNS2/1-nonlocal (or three-way NS
nonlocal).
The other definition proposed in Ref. [32] allows one-
way signaling resources but in order to exploit these sig-
naling resources in a physically meaningful manner, the
time ordering of the measurements matters. Specifically,
the definition of Ref. [32] consists of imposing:
P (abc|xyz) =
∑
λ
qλP
TAB
λ (ab|xy)Pλ(c|z)
+
∑
µ
qµP
TAC
µ (ac|xz)Pµ(b|y)
+
∑
ν
qνP
TBC
ν (bc|yz)Pν(a|x),
(5)
1 Strictly, to recover the full set of such biseparable correlations,
we must also allow the grouping to change from one round of
the game to the next, and that there is no constraint in the
measurement time ordering.
3for all possible time orderings of the measurement
events, i.e., if Alice measures first, followed by Bob, fol-
lowed by Charlie, which we denote by TABC = A < B <
C, or if Alice measures first, followed by Charlie, followed
by Bob, TABC = A < C < B, etc. In the above equation,
PTABλ (ab|xy) denotes, for the time ordering TAB, the con-
ditional probability distribution of getting outcome a, b
given the hidden state λ and the measurement inputs x,
y. For instance if TAB = A < B, one-way signaling is
allowed from Alice to Bob, i.e., Eq. (4a) is still required
to hold but Eq. (4b) may be violated since b may depend
explicitly on y, x and a in this case.
Inspired by the above definition, we consider in this pa-
per correlations that can be decomposed in the following
form:
P (abc|xyz) =
∑
λ1
qλ1P
A<B
λ1
(ab|xy)Pλ1(c|z)
+
∑
λ2
qλ2P
B<A
λ2
(ab|xy)Pλ2(c|z)
+
∑
µ1
qµ1P
A<C
µ1 (ac|xz)Pµ1(b|y)
+
∑
µ2
qµ2P
C<A
µ2 (ac|xz)Pµ2(b|y)
+
∑
ν1
qν1P
B<C
ν1 (bc|yz)Pν1(a|x)
+
∑
ν2
qν2P
C<B
ν2 (bc|yz)Pν2(a|x),
(6)
where
∑
i∈{λk,µk,νk}k=1,2
qi = 1, qi ≥ 0 ∀ i = {λk, µk, νk}k=1,2,
(7)
and the bipartite distributions PA<Bλ1 (ab|xy) etc. are de-
fined as in the last paragraph. Denoting this set of cor-
relations by T˜2/1, we see that T˜2/1 is the set of corre-
lations that can be achieved by classical systems if we
allow shared randomness between all parties, and also
one-way signaling resources for some given time order-
ing and where both the grouping of parties and the time
ordering may change from one run to the next. Hence,
the time ordering resources described by Eq. (6) differ
from that considered in Refs. [32, 33]. More explicitly,
as discussed in Sec. III, T˜2/1 can be seen as the convex
hull 2 of all biseparable one-way signaling correlations
admitting different time orderings, whereas the K2-local
set defined in Ref. [32] (also called the known-sequence
model in Ref. [47]) amounts, instead, to their intersection
and hence being a strict subset of T˜2/1; the T2-local set
defined in Ref. [32] is an even smaller subset of T˜2/1.
For any finite set of measurement choices and out-
comes, all but the quantum sets defined above are convex
2 The convex hull of a set A is the set formed by all possible convex
combinations of points in A.
polytopes, i.e., convex sets having finite number of ex-
treme points and hence can be equivalently described by
a finite set of Bell (-like) inequalities.3 The set of quan-
tum correlations, though convex [36], generally does not
have a simple characterization in terms of its extreme
points. The same holds true for the set of biseparable
quantum correlations Q2/1 [12], i.e., those obtained by
performing local measurements on a tripartite quantum
state that is biseparable [11].
Evidently, the terminologies introduced above admit
natural generalization to the n-partite scenario. More-
over, for the benefit of later discussion, it is worth noting
the following inclusion relations:
Ln ⊂ Qk/n−k ⊂ NSk/n−k ⊂ T˜k/n−k ⊂ Sk/n−k (8)
and that that even though Qk/n−k ⊂ Qn for all k < n,
the sets NSk/n−k, T˜k/n−k, Sk/n−k generally cannot be
compared with Qn.
III. REPRODUCING CERTAIN QUANTUM
CORRELATIONS REQUIRES MIXTURES
Now, let us apply the definitions provided in the last
section to gain some insights on when it is possible, and
what is required, to reproduce certain tripartite quantum
correlations using the classical/ post-quantum resources
mentioned above.
A. Necessity of mixing different time-ordered
resources
The definition of T˜2/1, as can be seen in Eq. (6),
involves mixtures of different bipartitions and different
time orderings, for instance, having A and B in the
same group and A measuring before B with probability∑
λ1
qλ1 etc. One can, of course, also analyze subsets of
T˜2/1 corresponding to a fixed bipartition and fixed time
ordering. For example, let us denote by T˜ (A<B)2/1 the set
of tripartite correlations admitting the decomposition
P (abc|xyz) =
∑
λ1
qλ1P
A<B
λ1
(ab|xy)Pλ1(c|z) (9)
with
∑
λ1
qλ1 = 1, and analogously forNS(A<C)2/1 , NS(B<C)2/1
etc. Likewise, let us denote by T˜ (A<B<C)2/1 the set of cor-
relations that can be obtained by having a definite time
ordering TABC = A < B < C but with the possibility of
3 The fact that Ln is a polytope was discussed in Ref. [36]. For
the other sets, we refer the reader to Ref. [32] for a detailed
discussion.
4mixing different bipartitions, i.e.,
P (abc|xyz) =
∑
λ1
qλ1P
A<B
λ1
(ab|xy)Pλ1(c|z)
+
∑
µ1
qµ1P
A<C
µ1 (ac|xz)Pµ1(b|y)
+
∑
ν1
qν1P
B<C
ν1 (bc|yz)Pν1(a|x).
(10)
where
∑
i∈{λ1,µ1,ν1} qi = 1; the sets correspond to other
fixed time orderings can be similarly defined. Clearly,
the set T˜2/1 as defined in Eq. (6) can also be written as
the convex hull of these constituent polytopes, i.e.,
T˜2/1 = Conv
{
T˜ (A<B)2/1 , T˜ (A<C)2/1 , T˜ (B<C)2/1 ,
T˜ (B<A)2/1 , T˜ (C<A)2/1 , T˜ (C<B)2/1
}
,
= Conv
{
T˜ (A<B<C)2/1 , T˜ (C<B<A)2/1
}
.
(11)
Now, one may ask whether the mixtures involved in
Eq. (6) are necessary in order to reproduce all quantum
correlations in T˜2/1, i.e., all quantum correlations that are
biseparable with respect to these one-way signaling re-
sources. For instance, does there exist ~P ∈ Q3 such that
~P ∈ T˜2/1 but ~P 6∈ T˜ (A<B)2/1 ∪ T˜ (A<C)2/1 ∪ T˜ (B<C)2/1 T˜ (B<A)2/1 ∪
T˜ (C<A)2/1 ∪ T˜ (C<B)2/1 , i.e., ~P cannot be obtained by allow-
ing a fixed subset of the parties sharing one-way signal-
ing resources and obeying definite time ordering? With
some thought, it is easy to see that this can be triv-
ially achieved by performing local measurements on some
(in)coherent superposition of tripartite quantum states
that have orthogonal (local) supports. But what if we
restrict our attention to local measurement on a three-
qubit state, i.e., one where this trivial encoding of clas-
sical mixture into the quantum state is not possible? In
the following, we provide an affirmative answer to this
question.
To this end, let us recall the W -state [37] (written in
the computational basis):
|W 〉 = 1√
3
(|100〉+ |010〉+ |001〉) (12)
and the following choice of ±1-outcome Hermitian ob-
servables [38]
A0 = cosασz + sinασx, A1 = cosασz − sinασx,
B0 = −σz, B1 = cosβ σz + sinβ σx, (13)
C0 = −σz, C1 = cosβ σz − sinβ σx,
where α = 3.6241, β = 2.0221, σx, σy, σz are the Pauli
matrices and the measurement setting is labeled by the
subscript attached to each observable.
Let us denote by ~PW the tripartite probability distribu-
tions obtained by applying the measurements associated
with Eq. (13) to |W 〉. It is known [38] that ~PW 6∈ S2/1
and is thus S2/1-nonlocal. Consider now the mixture of
~PW with the uniform probability distribution ~P0:
~P ′W (v) = v ~PW + (1− v)~P0, 0 ≤ v ≤ 1. (14)
It is easy to see that since ~P0 ∈ L3, it is also a member
of all the sub-polytopes of T˜2/1. Hence, for each of these
polytopes, there exists a maximal value of v = vmax —
often referred to as the visibility — such that ~P ′W (vmax)
is still a member of the polytope of interest. Since one
can enumerate all the extreme points of these individ-
ual polytopes, the corresponding vmax can be determined
efficiently by solving a linear program. The results are
summarized in Table I.
Set(s) vmax
S2/1 0.9548
T˜2/1 0.9339
T˜
B<C<A
2/1 0.9138
T˜
A<B<C
2/1 , T˜
A<C<B
2/1 , T˜
B<A<C
2/1 , T˜
C<A<B
2/1 , T˜
C<B<A
2/1 0.8931
Conv
{
T˜
(B<C)
2/1 , T˜
(C<B)
2/1
}
, 0.8420
Conv
{
T˜
(A<B)
2/1 , T˜
(B<A)
2/1
}
, Conv
{
T˜
(A<C)
2/1 , T˜
(C<A)
2/1
}
0.8318
T˜
(A<B)
2/1 , T˜
(A<C)
2/1 0.8212
T˜
(B<A)
2/1 , T˜
(C<A)
2/1 , T˜
(B<C)
2/1 , T˜
(C<B)
2/1 0.7120
L3 0.7120
TABLE I. Maximal value of v for the correlation ~P ′W (v) de-
fined in Eq. (14) to remain inside the various time-ordered
convex sets.
Clearly, from Table I, we see that some of the quan-
tum correlations ~P ′W (v) can only be reproduced if we
allow the parties in the subgroup to change from one run
to the next. For instance, if we only allow Alice and Bob
to form a subgroup, and one-way signaling from Bob to
Alice, then we cannot reproduce ~P ′W (v) any more than
we can do using resources in L3. Likewise, even if we al-
low the direction of one-way signaling to change, as long
as other grouping of parties are not allowed, we can at
best reproduce ~PW (v) for v ≤ 0.8420. Note also that
the difference in these critical values of v indicate that
there are ~P ′W (v) that can be reproduced only if we allow
changes in the time ordering, or equivalently mixtures of
these one-way signaling resources. Moreover, this is true
even if we allow arbitrary mixtures of the groupings of
parties; mixtures of time ordering still offers an advan-
tage in terms of the range of v whereby ~P ′W (v) can be
reproduced in this classical manner.
The above observation implies that, as seen from
the perspective of these classical, one-way signaling re-
sources, some quantum correlations do not have a well-
defined causal order,4 i.e., reproducing them requires re-
sources corresponding to different time orderings. Note
that this does not imply that quantum correlations can-
not be reproduced using one-way signaling resources.
However, any plausible one-way signaling resource that
4 Here, we borrow the terminology from Ref. [39] that was used in
a different context. Instead, the lack of causal order as we define
here, is analogous to the lack of definite grouping/ bipartitioning
for certain biseparable quantum states in the studies of quantum
entanglement.
5reproduces all quantum correlations must lead to the pos-
sibility of superluminal communication [40, 41]. Bearing
this in mind, it is natural to ask if the necessity to mix re-
sources corresponding to different bipartitions is an arti-
fact of choosing (one-way) signaling resources, or whether
we also observe the same effect using NS resources. To
answer this question, let us next investigate the corre-
sponding scenario when the parties in each subgroup are
only allowed to shared NS resources.
B. Necessity of mixing different non-signaling
resources
In analogy with the previous section, let us denote by
NS(A,B)2/1 the set of tripartite correlations admitting the
decomposition
P (abc|xyz) =
∑
λ
qλPλ(ab|xy)Pλ(c|z) (15)
with
∑
λ qλ = 1 while satisfying Eq. (4), and analogously
for NS(A,C)2/1 and NS(B,C)2/1 . Evidently, the set NS2/1
can also be written as the convex hull of the three sub-
polytopes, i.e.,
NS2/1 = Conv
{
NS(A,B)2/1 ,NS(A,C)2/1 ,NS(B,C)2/1
}
. (16)
These sub-polytopes are basically the sets of correlations
where only the parties labeled in the superscripts are al-
lowed to share arbitrary NS resources, and that no mix-
tures between different groupings of the parties are al-
lowed. Again, if we consider the quantum correlations
defined in Eqs. (12)-(14), we can determine the critical
value v beyond which ~P ′W (v) is outside the various poly-
topes; the results are summarized in Table II.
Set(s) vmax
NS2/1 0.8477
Conv
{
NS
(A,B)
2/1 ,NS
(A,C)
2/1
}
0.8212
Conv
{
NS
(A,B)
2/1 ,NS
(B,C)
2/1
}
, Conv
{
NS
(A,C)
2/1 ,NS
(B,C)
2/1
}
0.7120
NS
(A,B)
2/1 , NS
(A,C)
2/1 , NS
(B,C)
2/1 0.7120
L3 0.7120
TABLE II. Maximal value of v for the correlation ~P ′W (v) de-
fined in Eqs. (12)-(14) to remain as a member of the various
convex sets.
From Table II, it is clear that in Eq. (14), different
weights of ~P0 are required for P (v) to remain as a mem-
ber of NS2/1 or its “constituents” NS(A,B)2/1 etc. In fact,
for v > 0.8212, it is even insufficient to allow the mix-
tures of two different groupings, but we must necessarily
allow all possible bipartitions in the mixtures in order to
reproduce P ′W (v).
C. Common boundary of polytopes
Evidently, the necessity of mixtures in the above dis-
cussion should not be taken for granted as the generic
behavior of what is required to reproduce quantum cor-
relations. For instance, if we had instead started with
some other three-qubit quantum correlations ~P instead
of ~PW , it could well be that the critical value v may coin-
cide for the case with or without mixtures of groupings/
time ordering. Indeed, an explicit example of this kind
is given by measuring the following observables5 [29]
A0 = σx, A1 = σy,
B0 =
1√
2
(σx − σy), B1 = 1√
2
(σx + σy), (17)
C0 = −σy, C1 = σx,
on the tripartite Greenberger-Horne-Zeilinger (GHZ)
state [42]
|GHZ3〉 = 1√
2
(|000〉+ |111〉), (18)
which violates the Svetlichny inequality [27, 29]
−〈A0B0C0〉+〈A0B0C1〉+〈A0B1C1〉−〈A1B1C1〉+  ≤ 4,
(19)
up to a value of 4
√
2; here and below, we use  to denote
additional terms which must be added to ensure that
the inequality is invariant under arbitrary permutation
of parties.
If we again mix the resulting correlations ~PG with
the uniform probability distributions, it can be veri-
fied that if, and only if, v ≤ 1√
2
, the resulting mixture
~P ′G(v) = v ~PG + (1 − v)~P0 is always inside all the poly-
topes considered in Sec. III A and Sec. III B. This means
that ~PG(v) crosses all these polytopes, including the local
polytope, at the same critical value of v. Thus, although
the various convex sets defined above are clearly distinct,
they also share some nontrivial common boundary.
IV. TOWARDS A CHARACTERIZATION OF
THE SET OF BISEPARABLE CORRELATIONS
IN THE FOUR-PARTITE SCENARIO
While the three-partite scenario with binary inputs
and outputs are relatively well-studied6, very little — in
terms of Bell-like inequalities — is known about the var-
ious sets of correlations in the four-partite scenario (see,
5 Note that there is a misprint in the specification of X3 and X′3
in Ref. [29]: instead of X3 = σx, X′3 = −σy , it should have been
X3 = −σy and X3 = σx.
6 In terms of facet-defining inequalities, the sets L3 and NS2/1
were fully characterized, respectively, in Ref. [43] and in Ref. [32].
A numerical method for characterizing the set Q2/1 was also
given in Ref. [12].
6however, Refs. [44–46]). For the set of biseparable cor-
relations, this characterization is further complicated by
the fact that there are now two different types of group-
ings, i.e., those characterized by a subgroup of one vs a
subgroup of three,
P (abcd|xyzw) =
∑
λ
qλPλ(abc|xyz)Pλ(d|w)
+
∑
µ
qµPµ(abd|xyw)Pµ(c|z)
+
∑
ν
qνPν(acd|xzw)Pν (b|y),
+
∑
θ
qθPθ(bcd|yzw)Pθ(a|x),
(20)
where
∑
i=λ,µ,ν,θ
qi = 1 and qi ≥ 0 for all i ∈ {λ, µ, ν, θ},
and those characterized by two subgroups of two,
P (abcd|xyzw) =
∑
λ
qλPλ(ab|xy)Pλ(cd|zw)
+
∑
µ
qµPµ(ac|xz)Pµ(bd|yw)
+
∑
ν
qνPν(ad|xw)Pν (bc|yz),
(21)
where
∑
i=λ,µ,ν
qi = 1 and qi ≥ 0 for all i ∈ {λ, µ, ν}. Here,
we have labeled the fourth party’s input (output) by w
(d).
Hereafter, we focus on the simplest set of correlations
satisfying the above decomposition conditions, namely,
those where the bipartite and tripartite terms satisfy the
analogous NS conditions [cf Eq. (4)]. Using the termi-
nology of Sec. II, these convex sets are thus, respectively,
the NS3/1 and NS2/2 polytope. In contrast with the
tripartite scenario where three-way NS nonlocality can
be identified with being NS2/1-nonlocal, a given correla-
tion is said to exhibit four-way NS-nonlocality only if it
is outside the convex hull of NS3/1 and NS2/2. Build-
ing on the characterization of NS3 polytope achieved
in Ref. [47], one can enumerate all the 860,160 extreme
points [48] of NS3/1 in R80. Likewise, using the fact that
with binary inputs and outputs, there is only one non-
trivial family of extremal NS probability distributions —
the Popescu-Rohrlich (PR) box [35], one can enumer-
ate all the 1,216 extreme points [48] of NS2/2 in R80.
However, even in this latter case, it seems formidable to
use a standard polyhedron representation software such
as PORTA [49] to determine the complete set of facet-
defining Bell-like inequalities of NS2/2 within a reason-
able amount of time.
A. The Symmetrized NS2/2 Polytope
As a compromise, we employed the trick of Ref. [46]
and solved, instead for the symmetrized NS2/2 polytope,
i.e., the projection of the NS2/2 polytope onto the sub-
space spanned by all correlations that are invariant under
arbitrary permutation of parties.7 In other words, we ob-
tained a minimal set of Bell-like inequalities having the
same symmetry and which are satisfied by all correla-
tions in NS2/2. Henceforth, we refer to these Bell-like
inequalities as the symmetricalNS2/2 inequalities. Their
permutational invariance means that if
∑
a,b,c,d,x,y,z,w
γxyzwabcd P (abcd|xyzw)
NS2/2
≤ β, (22)
is one such inequality that is satisfied by all correlations
of NS2/2, where γxyzwabcd ∈ R then γxyzwabcd = π(γyxzwbacd ) = . . .
etc. for all possible permutations π of the input-output
indices associated with the parties.
There are in total 180,006 of these Bell-like inequali-
ties, and together they provide a minimal but complete
description of the symmetrizedNS2/2 polytope. Exploit-
ing the freedom in labeling the input, output and parties,
these inequalities can be further categorized into 23,306
inequivalent families.8 Among them, 13,479 are also
facet-defining for the original (non-symmetrized) NS2/2
polytope. For a representative of the complete list of all
these 23,306 inequalities and some of their properties, we
refer the reader to Ref. [50].
Let us now highlight some interesting features of this
polytope. Firstly, as with the facet-defining inequalities
of NS2/1 obtained in Ref. [32], all these symmetrical
NS2/2 inequalities are also saturated by some extreme
point(s) of L4. However, except for the positivity facet
— an inequality which dictates that probability has to be
non-negative — none of these inequalities corresponds to
a facet of L4. The above observation nevertheless implies
that a violation of any of these inequalities immediately
implies not only Bell-nonlocality, but also the stronger
form of three-way NS-nonlocality, i.e., any possible de-
composition of the Bell-inequality-violating probability
distributions must involve genuine tripartite terms like
P (abc|xyz, λ).
In addition, it is worth noting that except for 9 in-
equivalent families of the symmetrical NS2/2 inequali-
ties, all the rest of them can be violated by some extreme
point(s) of the NS3/1 polytope. Note, however, that the
set NS3/1 and NS2/2 are not comparable. In particu-
lar, the correlations corresponding to two subgroups each
having access to a PR-box cannot be decomposed in the
form of Eq. (20).
B. Quantum Violation
Clearly, since our goal is to understand the resource
aspect of multipartite nonlocal quantum correlations, it
is of interest to understand the possibility to violate these
inequalities using quantum correlations. In this regard,
7 This polytope can be described by 116 extreme points in R14 [48].
8 Two inequalities are said to be equivalent if we can obtain one
from the other through relabeling of the indices of the input
and/or output and/or party [44].
7we note that except for the family of positivity facets,
and 10 other families of NS2/2 inequalities, all other in-
equalities defining the symmetrical NS2/2 polytope can
be violated by some 4-qubit entangled states. Geomet-
rically, this means that in the abstract space of correla-
tions, there are many directions (as defined by the co-
efficients of some Bell-like inequalities) where an NS2/2
resource is insufficient to reproduce all quantum correla-
tions. In particular, the direction corresponding to the
following inequality — which also defines a facet of the
(non-symmetrized) NS2/2 polytope — was found to give
the best visibility and hence resistance to white noise:
Iopt = 〈A0B0C0D0〉+ 2 〈A0B0C1D1〉 − 8 〈A1B1C1D1〉
− 3 〈A0B0C0〉+ 2 〈A0B1C1〉 − 〈A0B0〉+ 2 〈A1B1〉
− 〈A0〉+ 
NS2/2
≤ 19, (23)
where the correlators — the expectation values of the
product of outcomes — are defined in terms of the joint
(or marginal) probability distributions as
〈AxByCzDw〉 =
∑
a,b,c,d=±1
a b c dP (abcd|xyzw),
〈AxByCz〉 =
∑
a,b,c=±1
a b c P (abc|xyz),
〈AxBy〉 =
∑
a,b=±1
a b P (ab|xy),
〈Ax〉 =
∑
a=±1
aP (a|x).
(24)
Specifically, the above inequality can be maximally vi-
olated by measuring the following local observables
A0 = B0 = C0 = D0 = −σz,
A1 = B1 = C1 = D1 = σx,
on the four-qubit state:
|ψ〉 = 1
2
√
10− 4√5
[
(2 −√5)|0001〉+ |1110〉+ 
]
,
(25)
giving a value of 11+8
√
5 ≈ 28.885 for the left-hand-side
of inequality (23). Equivalently, in terms of the state
visibility w,9 the mixture
w|ψ〉〈ψ| + (1− w) 1
16
(26)
with 1 being the identity operator, is able to violate in-
equality (23) for w > 19
11+8
√
5
≈ 0.6577. Clearly, this
improves over the best known visibility of 1√
2
required
to detect three-way NS-nonlocality (see, for instance,
Refs. [29, 32]).
9 For rank-one projective measurements, the state visibility w co-
incides with the visibility v discussed in Sec. III B but in general,
these values may be different. See, for instance, Ref. [51].
Let us also remark that, as one can verify using the
techniques presented in Ref. [52], inequality (23) cannot
be violated by the four-partite GHZ state:
|GHZ4〉 = 1√
2
(|0000〉+ |1111〉). (27)
In fact, heuristic optimization results suggest that there
are 3555 other families of symmetrical NS2/2 inequali-
ties that cannot be violated by |GHZ4〉. Most of these
inequalities thus serve as candidates for certifying in a
device-independent manner that certain correlations do
not arise from |GHZ4〉 (see Ref. [25]). Nevertheless, as
one would expect, this highly-entangled quantum state
does violate some of the symmetrical NS2/2 inequalities.
Indeed, it violates 3 families of the symmetricalNS2/2 in-
equalities maximally. Among all the symmetrical NS2/2
inequalities, the best state visibility that we found for
|GHZ4〉 is 1/
√
2, whereas for the four-partite W -state,
|W4〉 = 1
2
(|1000〉+ |0100〉+ |0010〉+ |0001〉), (28)
it is 0.7703. Heuristic optimization results suggest that
there are in total 7645 families of symmetrical NS2/2 in-
equalities that cannot be violated by |W4〉, among which
1371 families also cannot be violated by |GHZ4〉. Other-
wise, we see that these quantum states serve as a resource
that cannot be reproduced by any of these biseparable
but post-quantum resources.
C. A Nontrivial Facet-defining Four-way
NS-nonlocality Witness
As mentioned above, not all the symmetrical NS2/2
inequalities are violated by extreme points of the NS3/1
polytope. Among those that are not, only the following
inequality
INS3 = 〈A0B0〉+ 〈A1B1〉+ 2 〈A0B0C0D0〉 − 〈A1B0C0D0〉
− 〈A1B1C0D0〉+ 〈A1B1C1D0〉+ 2 〈A1B1C1D1〉
+ 
NS2/2≤ 10, (29)
can be violated by quantum correlation. In particular,
one can verify using the hierarchy of semidefinite pro-
grams [53] due to Navscue´s-Pironio-Ac´ın [54] (see also
Refs. [15, 55]) that — in contrast with inequality (23)
— this inequality is violated maximally by |GHZ4〉, giv-
ing a value of 12.8062 for the left-hand-side of Eq. (29),
corresponding to a state visibility of 0.7809.
Incidentally, this inequality also corresponds to a facet
of the NS3/1 polytope. Hence, inequality (29) represents
a facet-defining inequality for the polytope formed by
the convex hull of NS2/2 and NS3/1. In other words, a
violation of this inequality immediately implies not only
Bell-nonlocality, but also four-way NS-nonlocality.
8D. Device-independent Entanglement Witnesses
for Genuine 4-partite Entanglement
Using the upper bound technique from Ref. [15] (see
also Ref. [12]), we managed to identify 37 inequivalent
families of symmetrical NS2/2 inequalities that are nec-
essarily satisfied also by all correlations in Q3/1.10 More-
over, 27 out of these 37 families can actually be violated
by 4-qubit entangled quantum states. These include in-
equality (29) and 26 others which can also be violated
by NS3/1-local correlations. All in all, we are thus
left with 26 non-trivial inequivalent families of device-
independent entanglement witness (DIEW) for genuine
four-partite entanglement; violation of these Bell-like in-
equalities do not imply the presence of genuine multipar-
tite nonlocality — not even the weakest form of four-way
NS-nonlocality — but still certifies the presence of gen-
uine four-partite entanglement. Somewhat surprisingly,
the best state visibility that one can get from all these 26
DIEWs is still marginally worse than that given by in-
equality (29), which detects not only genuine four-partite
entanglement, but also four-way NS-nonlocality.
V. CONCLUDING REMARKS
The resource aspect of quantum entanglement is al-
ways of interest in quantum information science. The
recent progress in experimental control of multipartite
systems (see, for instance, Refs. [5, 57]), in addition,
provided strong motivation for one to understand better
the resource aspect of multipartite quantum correlations.
Using the definitions provided in Ref. [32], we have taken
a step in this direction by comparing the extent to which
certain tripartite and four-partite quantum correlations
can be reproduced by different kinds of biseparable cor-
relations, in particular those whereby parties within the
same subgroup are allowed to shared either non-signaling
(NS) or one-way signaling resources. In the tripartite
scenario, we have found that for certain quantum cor-
relations arising from W -state, reproducing them using
the above-mentioned non-quantum resource requires a
mixture of different groupings and/or time orderings of
measurements. This means that within the framework
allowed by these non-quantum resources, mixtures must
also be seen as a resource in order to reproduce quan-
tum correlations. The necessity to mix different time
orderings also suggest that when seen from this classical
perspective, these quantum correlations do not admit a
definite causal order, cf. Refs. [39–41].
10 This was achieved by solving some appropriate semidefinite pro-
grams [53] with the help of YALMIP [56] to a numerical precision
of 10−6.The technique from Refs. [12, 15] only provides a hier-
archy of upper bounds on the all the NS2/2 Bell expressions
achievable by correlation in Q3/1. Thus, within the finite re-
source that we have, there is no guarantee that these bounds are
tight and thus there may be more than 37 families of symmetrical
NS2/2 inequalities that cannot be violated by Q3/1 correlations.
Moving to the four-partite scenario where no com-
plete characterization in terms of Bell-like inequalities
is known, we managed to solve the symmetrized NS2/2
polytope (with two binary measurements per party) and
obtained 23,306 inequivalent families of Bell-like inequal-
ities. Since this polytope is a superset approximation of
the set of biseparable correlations with each group shar-
ing at most a two-party NS resource, a violation of any
of these inequalities immediately implies three-way NS-
nonlocality in a four-partite scenario. Interestingly, there
is even one family among all these whose violation also
implies four-way NS-nonlocality and which can be vio-
lated by quantum correlations.
The most robust quantum violation of these inequal-
ities can tolerate 34.23% of white noise and this offers
a small advantage of 4.94% when compared with that
achievable in the tripartite scenario having the same
number of measurement settings and outcomes. Some-
what surprisingly, this inequality can provably not be vi-
olated by the four-partite GHZ state, which is otherwise
known to give maximal violation of all full-correlation
Bell inequalities in this scenario [44]. Among all these
facet-defining inequalities for the symmetrized NS2/2
polytope, we have also identified 26 families which can
be used directly as device-independent entanglement wit-
ness whose violation implies genuine four-partite entan-
glement but not any form of four-way nonlocality.
Clearly, our work only represents a tip of the iceberg
of what one can learn about the resource nature of multi-
partite quantum nonlocality. For instance, it will be de-
sirable to perform similar characterization like the kind
that we have achieved here in the four-partite scenario for
one-way signaling resources, as this superficially resem-
bles the scenario appearing in measurement based quan-
tum computation [58]. Research along this line may shed
further insight on the connection between multipartite
quantum nonlocality and its role in quantum computa-
tion [59].
On the other hand, we note that the huge list of sym-
metrical NS2/2 inequalities obtained have given us the
natural tools to investigate delocalized tripartite nonlocal-
ity [60], namely the phenomenon where three-way (i.e.,
tripartite) nonlocality is present in an N > 3-partite
scenario, but where this nonlocal feature cannot be at-
tributed to any of the parties. A detailed analysis of
this phenomenon using the tools developed here will be
presented elsewhere [60].
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